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Abstract. We give an integral representation of the zeta-regularized determinant 
of Laplacians on three dimensional Heisenberg manifolds, and study a behavior of 
the values when we deform the uniform discrete subgroups. Heisenberg manifolds 
are the total space of a fiber bundle with a torus as the base space and a circle 
as a typical fiber, then the deformation of the uniform discrete subgroups means 
that the "radius" of the fiber goes to zero. We explain the lines of the calculations 
precisely for three dimensional cases and state the corresponding results for five 
dimensional Heisenberg manifolds. We see that the values themselves are of the 
product form with a factor which is that of the flat torus. So in the last half 
of this paper we derive general formulas of the zeta-regularized determinant for 
product type manifolds of two Riemannian manifolds, discuss the formulas for flat 
tori and explain a relation of the formula for the two dimensional flat torus and 
the Kroneker's second limit formula. 
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Introduction 

In the conformal field theory, especially in the string theory an infinite dimen- 
sional analogue of the determinant for elliptic operators appears and it is considered 
in the framework of the analytic continuation method of the spectral zeta-function 
of elliptic operators. In the string theory it seems to be most interesting to calculate 
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the explicit values for compact Riemannian surfaces and also from the mathematical 
point of view the quantity relates with various aspects of special functions already in 
such two dimensional cases. As for the values for the spheres there are relations with 
the values of the Riemann (^-functions at the negative integers, for the two dimen- 
sional flat torus it is expressed by using the famous formula, so called "Kroneker's 
second limit formula" , and for the cases of compact surfaces with constant negative 
curvature it was calculated by using Selberg's trace formula and deep properties of 
modified Bessel functions ( [TUJ , [IS], 0, [I])- Thus for all two dimensional cases 
we already know the values of the zeta-regularized determinant of the Laplacians 
or relations with other quantities. A purpose of this note is to give an integral 
representation of the zeta-regularized determinant for three dimensional Heisenberg 
manifolds and state the corresponding results for five dimensional Heisenberg man- 
ifolds. It will be possible to give similar expressions for higher dimensional cases, 
but we restrict ourselves to these two cases and also we restrict ourselves to deal 
with a certain kind of uniform discrete subgroups of the Heisenberg group, since 
even in these cases they contain all necessary features for determining the values for 
any cases and make us the calculations to be simple. Then in the last half of this 
paper we derive a general formula of the zeta-regularized determinant for manifolds 
of the product form of two Riemannian manifolds and the formulas for flat tori of 
two, three and four dimensions. 

In §1 we gather up the basic data of the spectrum of the three dimensional Heisen- 
berg group and Heisenberg manifolds. In §2 first, we explain the zeta-reguralized 
determinant of the Laplacian and give a calculation for the three dimensional Heisen- 
berg manifolds based on an integral representation of the spectral zeta-function (= 
the Mellin transformation of the trace of heat kernel divided by a Gamma function). 
In §3 as an application of an integral representation of the spectral zeta-function 
given in §2 we give expressions of the all coefficients of the asymptotic expansion of 
the heat kernel for the three dimensional Heisenberg manifolds. In §4 we state the 
corresponding results in §2 and §3 for five dimensional Heisenberg manifolds. In §5 
we give a general expression of the zeta-regularized determinant of the Laplacian 
on the product of two Riemannian manifolds. In §6 we give a precise form of the 
formula derived in §5 for a product type manifold with S 1 . Finally in §7 we give 
such formulas for two, three and four dimensional flat tori and explain a relation of 
the formula for two dimensional flat torus and the Kroneker's second limit formula. 

1. Spectrum of three dimensional Heisenberg manifolds 
Let i?3 be the three dimensional Heisenberg group: 



(1.1) 
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The Lie algebra is 

(1.2) f, 3 = { X = X(x,y,z) = I y\\x,y,ze 




It is decomposed into a direct sum in the form of 

(1.3) f)3 = g+©s-©3, 



where 




B+ = < o o I x e 



y e 



and 
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We identify f)3 and H% through the exponential map. Then the group multipli- 
cation of two elements X — X (x, y, z) £ h 3 and X — X (x, y, z) G f)3 is given by 

(1.4) Y = X*X = X + X + -[X,X], that is, exp (Y) = expX -expX. 

Left invariant Riemannian metrics are determined by its restriction to the tangent 
space at the identity element (= its Lie algebra), and among the left invariant 

/0 1 0\ 

Riemannian metrics we only consider such a metric that X\ = I , Y\ = 

\0 0/ 

/0 1\ 

and Zq = zo ■ Z = zq ■ I are being an orthonormal basis. Also 

\o o o/ 

we only consider uniform discrete subgroups of the following form 



where £ is a positive integer. These choices do not loose the essential features in 
treating with the spectrum of the Laplacian on the quotient space, H 3 /Ti, so called, 
Heisenberg manifolds, since the spectrum is given more or less in a similar form (|Hj, 
we state them later). 
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Then the inverse image of Ti by the exponential map is 

( /0 m k/2£\ 
(1.6) exp -1 (T e ) = I I n \\m,n,keZ 

{ \0 / 

which is a direct sum of two uniform lattices Tb in g + © g_ and Ty (l) in 3 such 
that 









m 






1.7) 
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j m, n G z| 
















and 

r /0 fc/2A 

(1.8) r v (£) = 11 I k e z } . 

I \o / 

The kernel (g,d) °f e~* A , the heat kernel on the Heisenberg group i^3, is given 

by 

#t (j9, 9) = K t (2, y, z; x, y, z) 

(1.9) = (2tt)~ 2 / e v^H*- z +2(*™)} . e — *[*?! 



x 



x M c -M!££*$.Ux-x)*Hv-v) 2 } drji 
2 sinht \rj\ 

where we regard 77 G 3* = RZ* = R and g = xX\ + yYi + zZ, g = xX\ + yY\ + 
G f)3 = H3 through the identification by the exponential map exp : 1)3 — > H3. 

Then the heat kernel kH 3 /r e if] [g], W\) on the Heisenberg manifold H 3 /Ti is ex- 
pressed by making use of the heat kernel K t (g,g) on the whole group, because of 
the invariance K t (7 • g, 7 • g) = K t (g, g) , 7 G H 3 : 

(1-10) k H3/re (t;[g],[g\) = J2 K ^^-^9)- 

Its trace is calculated in the following form: 
Theorem 1.1. (0) 

/ ^HifTi{t',\g],\9])dg= V / K t (j-g,g)dg 
00 

fter v (f)*,M^om=o 
+ E e" 4?r2 ' IIH|2 . 
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Here Fi denotes a fundamental domain of the uniform discrete subgroup and 
T* B and IV (£)* are dual lattices, i.e., 

Ib = i» e (0+ © 0-)* I f (7) e Z, for any 7 G T B } 

= {1/ = + v 2 Y* I i/jZ}, {X*, Y*} are dual basis of 0+ © 0-, 
Y v (£)* = {fi E (3)* I 11 (7) e Z, for any 7 G T F (*)} 
= {/i = 2£-A;Z 1 *|£;eZ}, = 2^|fc|. 

The spectrum of the Laplacian on H 3 /Ti is the union of eigenvalues of two types 
(a) and (b): 

Proposition 1.2. ([6 ) 

(a) : 4 7 r 2 || / u|| 2 + 2tt (2m + 1) /x = 21 ■ kZ\ G T v {£)* 
with the multiplicity equal to 
Vol (g+ © g_/r B ) • = 1 • 2£ ■ \k\ {k G Z) 

(&J : 47r 2 ||z/f = 4tt 2 (z/x 2 + z/ 2 2 ) , v = v x X\ + u 2 Y* G r B . 

From the exact sequence 



— ► < 1 I26R — >H* — ► < 1 v I x, v G R > — >0 
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we know that the Heisenberg manifold is the total space of a principal bundle with 
the structure group 

17(1) = R/{2£- k\k G Z} 

and a torus 

T 2 = (0+©0-)/r B 

as the base manifold. We denote the projection map H3/Y1 — ► T 2 by p. 

Proposition 1.3. T7ie fibers of the bundle p : H3/Y1 —>■ T 2 are totally geodesic and 
so the map p* : C°° (T 2 ) — > C°° (H 3 /Tg) commutes with the action of Laplacians on 
the each space. 

By this property the eigenvalues of the type (b) are those coming from the base 
space T 2 through the map p. 

2. Zeta-regularized Determinant 

Let M be an n-dimensional closed Riemannian manifold with the Laplacian Am, 
and denote the heat kernel by kM(t;x,y): 

k M (t;x,y)f(y)dy = e- tA ™ (/) (x). 

M 
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Then the Mellin transformation of the trace of the heat kernel, 

r u M kM{tix ' x)dx - i ) t '' idt ^^' 

mx = multiplicity of the eigenvalue A, 

is meromorphically continued to the whole complex plane with only poles of order 
one (at most) at s — n/2, n/2 — 1, • • • , especially at s = it is holomorphic. We 
put this function as Cm(s) and call the spectral zeta-function of the Riemannian 
manifold M. Then we can regard the value 

e -4(°) 

as a " determinant (= product of non-zero eigenvalues) of the Laplacian Am act- 
ing on the space of functions orthogonal to the space of constant functionsf j!4j. 
[13], [7]) and call it as zeta-regularized determinant of the Laplacian. We denote it 
by Det Am- Of course it can be defined in a same way for more general elliptic 
operators. 

In our case of the three dimensional Heisenberg manifold M(£) = H 3 /Tg we put 

oo 

Aterv(£)*,/^o m=0 

z M(e)(t) = Z v (t) + Z T 2(t), 

then the second term is the trace of the heat kernel of the flat torus T 2 = 
(fl+ © 0-) / T B, and so 



1 f°° 

Cm^(s) =|^y J (Z M(e) (t) - l)t s ^dt 



1 f°° 1 

Z v (t)t s ~ x dt + — - / (Z T2 (t) - ly^dt = ( v (s) + Cra(s). 



n-s) Jo v w r( s 

Hence we have 
Proposition 2.1. 

e ~W)>) = e -Cv(°) . e -?T2(°). 

The value Cr 2 (0) * s gi ven by the formula called " Kroneker's second limit formula" : 



Proposition 2.2. [7j.p]^ Det A™ = e~^ (0) 



e 3 



J! (l-e" 2 ^) 



fc=— oo 



We give an elementary proof of this formula and expressions of the zeta-reguralized 
determinant for the three and four dimensional flat tori in 87. 
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So in this section we only consider the value Cy(0)- The Mellin transform of the 
function Z v (t) is 
1 f°° 

(2 - 1) W)l Zv(t)t dt 

oo oo 

= u v y - 

^^ (4^) 2s (n 2 + ^(2m + l))^ 

1 f°° f°° x + y x (xy) s - 2 , , 

-dxdy. 



r(s)r(s-l) (4tt£) 2s 7 7 e^-le^-e^ x + y 

Put 



then by the transformation 



x + y x 



y 

(x, y) i— > (u, v ), -u = x and t> = — on the domain x > y 

x 

x 

(x, y) i— > (v, u), u = y and v = — on the domain x < y 

y 



we have 

poo /"oo / \s- 2 



/*oo />oo 

/ / f(x, y y 

Jo Jo 



(xyY 



-dxdy 



x + y 

So (/" / (m ' uv ^ u2s ~ 4du ) T+~v~ dv + 1 (/°° / m) M2s " 4rfM ) Y 2 
So Uo ^ ^' UV ^ + f U ^ w2s ~ 4rfM ) T+Z dv 



-dv 



1 / /-oo \ ^ s -2 

>o Wo Jl + v ' 

where we put 

G(u, v) = f(u, uv) + f(uv, u). 

Let g(x) = and h(x) = = — % — , 

e x — 1 e x — e~ x smh x 

then 

uv 

Since the functions g and h are rapidly decreasing on the positive real axis, we 
have, 



[2.2) G(u, v) = 2*1- g (u (1 + „)) (h (^) + h (- 



Proposition 2.3. For any integers k and I 



d k+l G 
n-*oo du k dv l ^ ' 



uniformly for v e [0, 1]. 
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Next we consider the behavior of the functions , when u { 0. 

ou k ov 

Let 



(2.3) g(x) = -— = J2 ®kx\ \x\ < 2tt 

e 1 o 

and 

(2-4) h(x) = = -^~ = = f>l) fc /W fc , \x\ < tt. 

e x — e x smhx smV-lx ^ 

Note that a — 1, a± — —1/2, a 2 = 1/12, «2i+i = for i = 1, 2, 3, and /3 = 1, 

/3 2 = 1/6, /?4 = 7/360. The coefficients are expressed in the following forms with 

2(2fc)! 

Bernoulli numbers B 2 k = C(2fc): 

[2n) Zk 

(2 2k - 2)B 2k 

P2k = 



Ot2k = 



(2k)\ 

B 2 k 



{2k)V 

For \u\ < n and v G [0, 1], the function G(u,v) is expanded as follows: 
(?(«,«) = 27rf.£ £ (_i)i^L(i + „)*(! + „*) . u « = 2tt£ • £ P B ( v )u", 

n=0 \i+2j=n ^ ' / n=0 

where we denote the polynomial P n (v) 

p *v= £ (-D J ra^Mi + «m + » , '>- 

i+2j=n ^ ' 

Proposition 2.4. For -u e [0, 1] 

wj.o ou K ov l dv l 

Let o(w , s) be a sufficiently many times differentiable function defined on a domain 
inlxC including [0, 1] x D, where D = {s e C | JHe(s) > -e} (e > and fixed) 
and g is holomorphic on the domain D for each fixed f G [0,1]. 

Proposition 2.5. The function defined by the integral 

-i 

g(v, s)v s ~ 2 dv 
has the Laurent expansion at s = as 



f 

Jo 



(2.5) / g(v,s)v'- 2 dv= ^ + R + O(s), 

where R-i and Rq are given by the formulas: 
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*-. = !<o,o) 

and 



By applying this to the function of the form — we have the Laurent expansion 

1 + v 

of the function 

1 v s-2 



as 



Corollary 2.6. 

1 v s ~ 2 f da \ 1 

g(v,s)-—dv= (0,0) -0(0,0)* 







1 + v \ dv ' / s 

+ ^( - )-|( ' ) + |( ' )- 9 ( 1 -°) +0 w- 

When we restrict the variable s in the domain IRe(s) > 3/2, we have 

(2. 6 ) y o G(M , B y 4 ^= (2s _ 3)(2s _ 2)(2s _ 1)2 J o ^-" 2 **- 

Now by Corollary (J2.6j) when we put 

1 / /-do \ 

G(u,v)u 2s 4 du I (if 

v 1 J l+v 



dv 



wo 



(2s-3)(2s-2)(2s- l)2sj \Jo 
1 



(2s-3)(2s-2)(2s-l)2s 

then 

Proposition 2.7. 

fl-i = 0, 



i^± + R Q + 0{l)^ 



Ro=2 r^^iog^-2 r^iio g ^ 







dvdu 4 ./n 9« 4 

-4vr£ f°° ±L(h("Y (h (JL) + 1) )\ogudu. 



du 4 \ \2J \ 



10 



KENRO FURUTANI AND SERGE DE GOSSON 



Proof. First we show 

_ d*G(u,0) &G(u,0) 

dvdu 3 du 3 
97?/ 2irP 

= (i^F • ^ (0)/l " (0) - (i^F • (1 + v) • W'WU = °- 

Next we calculate -R : 



+ 



r° <9 5 G(«,o) ol , r° 9 4 g(m,o) o1 



+ i &,0u* J du* 

o dv l du A Jo dvdu 6 J ou 6 1 + v 

"°° <9 5 G(w, 0) f°°d 4 G(u,0) 



+2 I -ikr^^l -^ 2losudu 



d 4 G(0,0) d 3 G(0,l) 
dvdu 3 du 3 



^. 3 !./7^-Mlog,-^ 
aw 2 dv I 1 + v 



o 



+ M . 3 ..{-^ + P 3 (l) 

n r 00 9 5 g(m, o) , , rt r 00 9 4 g(m, o) , 



= 2n£ ■ 3! • (-3) • P 3 (0) + 2tt£ ■ 3! • 3 • P 3 (0) 
/•°° <9 5 G(«, 0) , , f°° d 4 G(u, 0) , 



2 / W l0g ^- 2 1 :LJ ^ Zlogudu 
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-^f£(»(5)'(»&) + 1 ))*-* 

□ 

Summing up we have 

1 f°° A ■ f • (s - 1) <s 2 1 

Zv(t)t s ~ l dt = V, ^ '^ -i— — i— --{i? + O( S )} 



r(s) 7 w T(s + 1) 2 (4vr£) 2s (2s-3)(2s-2)(2s- l)2s 

= —s + 0{s ), 

and the zeta-regularized determinant of the Laplacian on the Heisenberg manifold 
H%/Yi is given by the formula: 

Theorem 2.8. 

-tR 

Det A# 3 /r £ = Det A T 2 ■ e 3 



00 



(2.7) = e~f I J] (1 - e- 2 -' fc ') | 2 ■ J »°° £((=5^) 

k=— 00 

Corollary 2.9. WTaen £ -> 00, Det A H , A/Te -> 0. 
Proof. Since 

f 14 HI ) > (4^) + K ^ 



(2-8) =2/ 3-j ft - log«d« 



d 4 






d« 4 < 


(1 


d 4 1 


\[ 




dM 4 1 


v2, 



we only determine the sign of this integral. For this purpose we decompose the 
integral ()2.8|) in the form 

I — f -r~r I h ( —] \ log udu 

r d 4 ( fu\ 2 1 

= 1 d^\ h \2) -To-T lU -T^-T 3 u^\ogudu 



00 j4 



where 



T = h(0) 2 = 1, 

m , /u\ 2 

T x = —h - =0 
du \2/\u=o 
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T ' = S^' ! (2),„„ = a 



Then 



Next we prove that h(u/2) 2 — 1 + takes positive values on the interval [0, 2]. 

For this purpose, recall that h(u) = — - — is expanded for u e (— 7r, 7r) as 

smh-u 

oo 

h(u) = £(-l) fc /W*, 



with the coefficients 



Then 



/W 2 4-^ C(2/c + 2) _J3_ 1_ 

0* (2tt)*(1-£) C(2fc) (2tt) 2 12' 

and 

Hx) 2 = £(-1) W*, 
with positive coefficients such that 

k 

12k = y^/^2fc-2^2<- 

Hence 

72fc — 72fc+2 = A)(#2ji ~ 2 / 5 2n+ 2) + ^ /?2Z {@2k-2l ~ ^2k+2-2l) 

1=1 

so 7 2fc > 72fc+2 always. 

From these estimates we see that the function h(u/2) 2 — 1 + —v 2 takes positive 

values on the interval [0,2], since h(u/2) 2 — 1 + — u 2 = 2_,{~^) k l2k ( — ) is the 

k=2 

form of the alternative sum consisting of decreasing positive sequences when u e 
[0,2]. Now we take r = 2, then we see that / < 0, hence we have the desired 
result. □ 
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3. Heat kernel asymptotics 

As an application of the formula (j2.1|) we calculate the heat kernel asymptotics for 
the three dimensional Heisenberg manifolds, which are given in terms of Bernoulli 
numbers. 

We know that the heat kernel k M (t;x,y) has the asymptotic expansion: 
k M (t; x, x) ~ T^jw^ (coO) + ci{x)t + c 2 (x)t 2 + } , t J, 0, 

n = dimension of the manifold M. 

Of course the coefficients are given in terms of quantities coming from metric 
tensors, but here we calculate the values 

Cfc = / c k (x)dx 
Jm 

explicitly by the method of analytic continuation by making use of the formula (|2.1|) . 
since we know that the Mellin transform of the heat kernel has poles of order one (at 
most) at the points n/2 — k, k = 0, 1, 2, , and the residue at the pole n/2 — k 

is given by the integral / Ck{x)dx. 

Jm 

In our cases the trace of the heat kernel Zff 3 /Y e (t) = J kH 3 /r e {t\ [<?]> [g])dg is 
expanded as 

/ k H 3 /r e (t; [g], [g])dg = Z v (t) + Zj*(t) ~ ] W2 (c + + c 2 t 2 + ), 

JH 3 /T f l 47rt J ' 



'H 3 /r, 

and the second term Zq>i (t) is that corresponding to the two dimensional flat torus. 
So that it is enough to consider the Mellin transform of the first term Zy(t): 

oo oo 

n 



poo ^ ^ 

— / z v (t)t^dt=uj2Y: 

^ ' J ° n=l m=0 



(47r£) 2 *(n 2 + ^(2m+l)>< 



\ > V 4rf 

i / r°° \ „,s~2 



G(u,v)u s du dv 



r(s)r(s-l) (4vr£) 2 * Jo \J v ' ' ) 1 + v 

U 1 



r(s)r(s-l) (4ir£) 2s 

(3-1) 

x ( [ ( [ G{u,v)u 2s - A dv^j y^dv + U G(u,v)u 2s - 4 du^j ^f^dv ) . 



\J0 



Here 

CXi, iA = - 

oU(v + l) _ I 



_ u{v + 1) / u uv 



g4-rf — g 4tt£ g4-rf — g 4ir£ 
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Since the function denned by the integral 

G(u, v)u 2s ~ A du 



is holomorphic for any s G C and so the second term in the above expression (j3.1|) 



1 / roc \ y s-2 

G(u,v)u 2s 4 du ) dv 



r(s)ro-i) (4tt£) 2s j \j 1 v ' ' J i + v 

has poles of order at most one at the points s = 1, 0, — 1, —2, • • • . Hence residues at 
these points must vanish. Consequently it is enough to consider the first term, 

it iff r 1 „. , ,«_„, \ t-- 2 



^ TWl^T) W I U Giu ' " )u du ) TT7t d "' 

for calculating the residues at the poles s = 3/2 — k, k = 0, 1, 2, 3 • • • . 
Then we have 

1 / fl \ 

G(u,v)u 2s A du I 



o wo 



(3.3) 

00 fl i i s— 2 



1 +f 



m=0 i+2j=m 



To calculate the residues at the poles s = 3/2 — k, k = 0, 1,2, , again it is 

enough to consider the terms corresponding to m — even = 2k in the sum (|3.3|) . 

f 1 ■ v s ~ 2 
Let Wj As) = / (1 + f ) 2 *(1 + ii 3 ) dv, then of course Wi As) is meromorphi- 

Jo 1 + v 

cally continued to the whole complex plane and we have 

Lemma 3.1. Wij(s) is holomorphic at s = 3/2 — (i + j) and for i > 0, W{j(3/2 — 
(i + j)) = 0. 



Proof. Let i > 0, then 

(l + v) 2l (l + v 2j )^^dv 
1 + v 



V c ( 1 1 \ 



So at the point s = 3/2 — (z + j) it takes the form 



2i-l 



S 2i " lCr r + l/2-(z+i) 
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2i-l 



1 [ l l + v 2k a 2j 

-v s 2 dv. 



+ S 2l ~ lC2l ~ 1 - r 2i - 1 - r + 2j + 3/2 - (i + j) - I' 

Hence we have W^(3/2 - (i + j)) = □ 

Now by Lemma ( |3.1j) . to calculate the residues of the function (I2.fjjl at the points 
s = 3/2 — A:, it is enough to consider the function 

(3.4) ^ aA — t —— ^ i + v 

Let W^jfc(s) = / v s 2 dv, then the value at s = 3/2 — k, 

Jo 1 + v 

(3.5) W fe (3/2 — k) = W fe 
is given one by one by the following lemma 
Lemma 3.2. 

W fc (3/2-A;) 



1 1 + v 



2k 



-v s 2 dv\ s=3/2 _ k 



-dv 



o 1+u 

,1 ^-2 ,1 ^-1/2 

fc-i (— l) r Z" 1 1 

§r-A; + l/2 + ( - 1) 7o (l + r;)^ 



i w fc 



+ / t; -—=dv 



(-l) r vr k ~ l ( k-r \ 



r=0 ' r=0 

where we put 

J ' = I T+¥ ie ' 

J r is determined by the formula 

r-l / _ • \ 

^ = E^(^-Ti)- J 0' Jo=7r / 4 - 



i=0 



Also this value = H4(3/2 — fc) is given by the formula: 



r-/c + l/2 v ' 2 ^j + A; + l/2- 



Finally we have 
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Proposition 3.3. The residue C& = / Ck{g)dg of the spectral zeta-function 
Chs/y^s) at the point s = 3/2 — k, k — 0, 1, 2, • • • , is equal to 

4tt f3 2k 



T(3/2 - fc)r(l/2 - fc) 2 • (47ri 



W k (3/2-k). 



Note that 



where -E>2fc 



2(2k)\ 



2 2k _ 2 

^ 2fc = 72l)T 52fe ' 

C(2/c) is the Bernoulli number. 



(27T) 2fc 

4. Five dimensional Heisenberg manifolds 

So far we only considered three dimensional cases and illustrated the procedure to 
calculate the determinants and heat kernel asymptotics somehow precisely. These 
indicate that our method for calculating the determinants and heat kernel asymp- 
totics for higher dimensional Heisenberg manifolds would also be valid. Even so the 
calculations and the results are so complicated, here we state the results for the 
cases of 5-dimensional Heisenberg manifolds. 

Let 1)5 be the 5-dimensional Heisenberg Lie algebra: 

yi 

2/2 

0/ 

/o 



f)5 =0+ © 




(0 








A 


























Vo 








0/ 



where 3 is the center and [g + , g_] =3. 
The corresponding Lie group H 5 is realized as 



(4.1) 



/I 






1 





x 2 

1 




1/ 



As in the three dimensional cases we only consider a left invariant Riemann- 
ian metric defined from such an inner product on the Lie algebra [35 that X\ = 
/0 1 0\ /0 1 0\ /0 0\ /0 0\ 





\0 






0/ 



Xo 

















0/ 






Vo 









1 



0/ 



Y, 






Vo 










1 
0/ 



and 
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/o 













1\ 




0/ 



are orthonormal basis of J) 5. 

Also as in the three dimensional cases let us take uniform discrete subgroups Ti 
(i G N) of the form 



(4.2) 



/I 





Vo 



mi 
1 





m 2 

1 




2£ \ 

ni 
1/ 



m;, k E Z 



We identify i?5 and ^5 by the exponential map 



exp : f) 5 — > if 5 



exp : # = 



/0 Xi x 2 2\ 

yi 

y 2 

\o oy 



x 1 X 1 + x 2 X 2 + yiYi + y 2 Y 2 + zZ 1 



then the uniform discrete subgroup T e C H 5 is identified with a direct sum of two 
lattices T B C 0+ © 0- and IV (f) C 3: 



/I 




^2 


z + l/2 5> iS /A 





1 













1 


1/2 










1 / 



f0 mi m 2 0\ 














Til 













n 2 












oy 




f° 








A\ 

21 ' 
















i 
















\o 








oy 



mi, rii G Z 



exp (r y (£) + r B ) = r, 



The heat kernel on the whole group i?5 is given as the following form: 

Kt(g,g) = K t (x,y,z;x,y,z) 



(4.3) 



(2k) 



f 

J — c 



-l.^-S+l^y]-^)} _ t \; 



X 
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X 



2 sinhi I??) 



2 2 

JJ e -¥ "nhtM -{(^- S ') 2 + fa'-^) 2 }^^ 



where we regarded i] G f = MZ* = IR. and (7 = (x, y, z) = X1X1 + x 2 X 2 + yY\ + 
y 2 Y 2 + zZi, and similar to g through the exponential map. 

Then the heat kernel kH 5 /r e (t; [g], \g\) on the Heisenberg manifold = H 5 /Te, 
is expressed as : 

(4-4) k H5/re (t;[g],[g\) = J2Kt(l-g,g). 

7 er £ 

and its trace is calculated in the following form: 
Theorem 4.1. (P) 

Z t (t) 

= / k H 5 /r e (t;[g],[g])dg =Y] / K t (^-g,g)dg 

^ „ „ ,„ M, ,12 -*( 47r2 ^l| 2 + 2 ^S(2m I+ l)||/,||} 

= 2^ 2^ 2^ ^(0e0-/r B )||/i|| 2 -e l *=i J 

/i£r^(^)*,/i^0 mi=0 m 2 =0 

+ e~ 47r2 * lki|2 
= Z v (t) + Z T4 (t). 

Here Fi denotes a fundamental domain of the uniform discrete subgroup I" \ and 

and Ty(£)* are dual lattices, as before. 
The second term Z T i(t) is that corresponding to 4-dimensional flat torus © 

fl-)/T*. 

Let Cm £ (s) be the function 



1 



OO 



Cm,(s)=— - / {Z{t)-i)t s - x dt 





1 r 00 _ , , „ 1 . i 



00 



Z v (t)t s - L dt + — / (Zr4(t) - l)f ^tft = Cv^(s) + Ct4(s) 



r(-) 7 v w r( a ) 

then 

Theorem 4.2. 

L>et A Hs /r e = Det A T 4 • e~ c ^' (0) , 
where ( V£ (0) zs groen m Proposition (4-4) below. 
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Corresponding to the formula (|2.1j) we have an integral representation of the 
function (v,i{ s ) : 
(4.5) 

1 f°° 

CvAs) = FTT / Zy{t)t S ~ l dt 



T(s) 



OO OO OO 9 

n 



£o ( 4 ^) 2S (» a + & ( 2m i + 1 + 2m 2 + 1)) 

i r r x +y ( x v (•'■•'/) , , 



r(s)r(s-2) (4?r£) 2s 7 J e x +y - 1 \ e ^t - e~^z J x + y 
8e 2 s 2 (s-l)(s-2) AitH 2 



~~ T(s + l) 2 ■ (4vr£) 2s (2s - 5)(2s - 4) (2s - 3)(2s - 2)(2s - l)2s 

Proposition 4.3. 

'* r °° d 6 ( (. ( u \ 2 , ( uv \ 2 \ 1 2s w s - 3 




'0 



w^w+'H*^) )}« i + „ 



dudv 



OO 



— f — e 2 /i f — \ \ logudu 
3 \4niJ \2J J & 



oo 



2 / £ fe4) 2+i 



- f-r— e 2 — 2__ 1 logudu + 0(s). 
3 \A-nl) sinhf J 6 v ; 



Proposition 4.4. 



M0) = --rfx 



3 / / u \ 2 



1 ( U V 2 ll J 
— e 2 ^— HogMClW. 

3 V4vr£/ sinhf J & 



Corollary 4.5. 



lim Det A H5/re 



lim Det A T 4 x e~^ (0) = 0. 
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Proof. Put I(£) 



d 6 \( u/2 \ 3 , , f u/(4vr£) \ 2 

coshw/2 / v ; + 1 



o du 6 I \ sinh u/2 J \\ sinh u / (Att£) 

X ( U V-W» U/2 logudu. 



3 \4ir£J sinhw/2 



Since 
(4.6) 



lim lit) = 2 [ I ( , U J 2 A cosh u/2 1 logudu, 

e-^oo w J du 6 )\smhu/2J 1 J 



it is enough to see the sign of this integral as we did before in Corollary ()2.9|) to 
determine the behavior of the determinant Det A^/r^ when £ — > oo. Then, by a 
similar calculation in Corollary 12.91 we have an expression of the integral 

3 



u/2 



du 6 I \ sinh u/2 



cosh u/2 > logudu 



4-1-5! f ( ( , U / 2 , V cosh u/2- 1 + ^4 I ""V/'/ 

r 5 2r 7 lV sinh V 2 / 2 4 -3-5 ! 



: ' ! / I ( ■ U J 2 / 1 cosh u/2 1 u^du. 



sinh w/2 
So putting r = 2 ■ \/3, we have 
d 6 \ f u/2 x 



du 6 I \ sinh -u/2 



cosh u/2 > log udu 



2n t ' u/2 \ 3 1 







OG 



-5! / — r— r- cosh u/2 - 1 + — u u~ b du 

1 1 1 sinh u/2/ 2 4 -3-5 ! 



-••)' / I ( U J 2 , \ cosh u/2 ) u- 6 du. 

It is clear that the second integrand takes always positive values on the positive 
real axis. We can also prove that the integrand in the first integral takes positive 
values on the positive real axis. Since the coefficients of the Taylor expansion of the 
function 

3 oo 



(4.7) eo**-(l-l*«)(*^) =I> 



x 2 " 



71=3 



are given as 

1 3 2n - 2 -l 3 3 2n+2 -l 

(4 ' 8) an ~ (2n)! + 20- (2n- 1)! ~ 4 (2n + 3)! 
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and all take positive values, which we can see from the expression of a n for n > 4, 
1 



. )Q ( . )/; _ - { (3 2 - 2 - 1) ((2n + 3)(2n + 2)(2n + l)(2n) - 15 • 3 4 ) 
+ 20 • (2n + 3)(2n + 2)(2n + 1) - 15 • (3 4 - 1)} , 

1 



04 



20 • I'll)! 



{(3 6 -l) (11 • 10 • 9 • 8 - 15 • 3 4 ) 



+ 20 - 11 ■ 10 ■ 9 - 15 ■ (3 4 - 1)} 

and for n = 3, a 3 = jjg- From these facts we can prove the desired result. □ 

Finally we list the heat asymptotics for five dimensional Heisenberg manifolds M^. 
Let c k be the coefficients of the asymptotic expansion of the heat kernel kH 5 /r e (t; x, y) 
of the five dimensional Heisenberg manifolds = H 5 /Tf 

[ k Me (t;x,x)dx ~ - . {co + CitH \- c k t k + }. 

Jm, (47rt) J / 2 

Let us denote the Taylor expansion of the function h(x) 2 as 

2 00 

(4.9) h{xf =(-^-) = J>l)%x 2 * 

V smh x / z — 4 

k=0 

then 5^ is given by 



JL JL A(2 2 ( k -i) - 2)(2 2j - 2) 

(4.io) 5 k =5>,/3 2M = ^ — — km -mem 

3=0 3=0 ^ ' 

Proposition 4.6. 

(AU , „ (2fc-5)!!(2fc -!)!! (-!)% 
( 4 - n ) c * = ^Ti ^T 5fcWfc ' 

where is groen in (JJ.<5j) . 

5. A FORMULA FOR PRODUCT MANIFOLDS 

Let (M, g) and (N, /i) be closed Riemannian manifolds, then the Laplacian Amxn 
on the product Riemannian manifold M x N is of the form Am ®Id-\-Id® An and 
the spectrum Spec(A M xN) is given by 

Spec( A M xn) = {A m + fi n | = A < Ai < A 2 < • • • G Spec(A m ), 

and = [Aq < H\ < /i 2 < • • ■ € Spec(AN)}. 

In this section we give a formula of the zeta-regularized determinant of the Lapla- 
cian on the product Riemannian manifold M x N in terms of the each value of the 
zeta-regularized determinant and heat invariants. 
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The spectral zeta-f unction Cmxn(s) fo r the product Riemannian manifold M x N 
is given by 



CMXN( S )= JT (Am + /in)s - 



m,n=0 , (m,n)^0 

We express this as 

OO oo 
( A... + //.,)•" I (.si A" J - — ' /,, 

m,n=0 , (m,n)y^0 

(5.1) 



oo 1 OO OO „oo 



/ x \ AT/2 [(iV+M)/2] / , x 

-(£) E 

00 oo / v AT/2 [(AT+M)/2] / + \ * 



(5.2) 



[(AT+M)/2] . _ 



i=0 



where iV = dimN, M = dimM and {bj}°^ are the coefficients of asymptotic 
expansion of the trace of the heat kernel kj$(t; x, y) on N: 



kti{t) = I kn{t\ x, x)dx 

00 / 1 \ N/2 

(5.3) = £ e"*^ ~ I — ) {b + + b 2 t 2 + b 3 t 3 + } . 



n=0 



We also denote by {aj}°^ the coefficients of the asymptotic expansion of trace of 
the heat kernel kjs/i(t; x, y) on the manifold M: 

kmif) = / k M (t;x,x)dx 
Jm 

00 / 1 \ M ^ 2 
(5.4) =H e ~ tXm ~[— t ) {a + axt + a 2 t 2 + a 3 t 3 + }. 

rr>=n \ / 



m=0 

Since 



. 1 1\ (\ m y>* [ ' K ^<\ it 



. \ [(iV+M)/2]+l-iV/2 N 

a: 
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the first term Qo(s) is holomorphic on the domain {s G C | 9te(s) > —1/2}, at least 
under this expression for any case of the dimensions of the two manifolds. So we 
can put s = in ()5.1|) and we have 

Qo(0) =0 

» n N/2 \{N+M)/2] 

Am \ \ 



<-) 5 b -(£ 



Next we put the second term as 

[(AT+M)/2] , . _ [(JV+M)/2] 



(4tt) w / 2 • r(si 



[(iV+Af)/2] 



Remark 5.1. By the asymptotic expansion (15 .4|) it is well known that the Mellin 

/"OO 

transformation / (A^m^) — l)t s ~ 1 dt is meromorphically continued to the whole 
Jo 

complex plane and has possible poles of order one at points M/2 — i, i — 0, 1, • • • 



with the residue 



( 47r )Af/2 

when dim M is odd, and when dim M is even then the residue at the pole M/2— i, i ^ 
M/2 is 



(4tt) m / 2 ' 

and at s = the residue is 

a M/2 , 
( 47r )M/2 " ' 

By the remark above we can describe the derivative at s = of the each term 
, , hi ■ T(s + i - N/2) > . Ar . . 

*00 = (4^/2 . r(8 ) ' Cm(s + 1 - N ' 2) 

in (|5.6J) in terms of the spectral zeta-function Cm(s). For this purpose we consider 
four cases separately. 

Proposition 5.2. Let dimM = M be even and dimN = iV odd. Since Cm(s) is 
holomorphic at each point i — N/2 we have 

[(JV+M)/2] 

Qi(0)= £ qj(0) 

8=0 
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[{N+M)/2] , . . 

_ ^ hj ■ T(l - N/2) 

~ 2^ (4^yy-2 Cm(i - N/2) 

Proposition 5.3. Let dimM = M be odd and dimN = N even. Then 
for 0<i < N/2 

for i = N/2 

^/ 2 (°)=(^-Cm(0). 

for N/2<i< [(N + M)/2] 



Hence 



N,2 ~ 1 (-iW/^u. 

e'.(°)=E ( 4ot/2-0! - c " (0) 

+ (An)"/ 2 ' C ^ (0) 

[(iV+M)/2] 

Proposition 5.4. Let 6o£/i o/dimM = M and dimN = N be odd. Then, 
+ (jjnrp- AT/2). + AT/2) -S^a.i)} 



Lfence 

(N+M)/2 



«<w- E ^ {-hd * 



l{(jV+M)/2-i} 

r47rW/2 1 _i l±J ' " 

i=0 



( 47r )M/2 



+ limr(j - N/2) • Cm(s + i - N/2) 



a {(iV+M)/2-i} 



, s -o v ' ' wv ' 7 (4tt) m / 2 s 

Proposition 5.5. Lei dimM = M and dimN = N be both even. Then, 
for 0<i< N/2 

b„ r _.. . 
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+ lhnr (s + i - N/2) • ( m(s + i - N/2) - " ~ 

/or j = jV/2 

sW ) = (|~p75 ' ^m(O) and 
/or JV/2 < i < (/V + M) /2 

q;(o) = 77^wl-r'(i)- a{(N+M)/2 - i} 



Hence, 



(An) N / 2 [ v 7 (4tt) m / 2 
+ lim W 2 - , - 1)! ■ Cm(, + i - N/2) - ■ ] 



( 4vr )A//2 

a{(AT+Af)/2-i} 1 



+ limr( S + < - iV/2) ■ Cm( S + i - iV/2) - (47r)M/2 
(4vr)^/ 2 Wl J 

(7V+M)/2 , 

^ b» J , a {(JV+M)/2 _ i} 
i=jfefi ^ 47r)7V/2 ^ (4tt) m / 2 

+ teW 2-<-l)!.CM(- + <-^/2)-Sp^.i 

Remark 5.6. -F(l) = - J °° e~* log tdt = C e = 0.57721 = Euler's constant. 

We can now write down an expression of the value Det Amxn corresponding to 
the each case ()5.21 15.31 15.41 and 15. 5|) above. Here we only state for the case that both 
of dimM and dimN are even. In the next section we state a special case of N = S 1 . 

Theorem 5.7. Let dimN and dimM be both even, then 

Det Amxn = e~ Q '^ ■ e"^ ■ Det A N 

( (N+M)/2 A 

= Det A N -||e I 1=0 > x 

m=l 

TT (4 ^ )( iv+Af)/2 . TT ( 4^)W2)\i™ i(s+i ^'/^KMl.S+J iV/i) (47r) (M/2) s j\ 



i=0 i=0 

'^iV/2 (A r +M)/2 c e .b t . a{(JV+M)/2 _ l} 



(Det Am)^ 1 • n e < 4 -) (iV+M)/2 x 

i=N/2+l 
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i=N/2+l 

By interchanging N and M we have another expression of Det An x m-' 



-/o"{*m(^)"(^) 



(M/2) (M+JVJ/2 

;i . ■ i 

fJ-n 



i=0 



X 



Det A MxN = Det A M • e 

n=l 

M / 2 " 1 Ce-a r b {(jv M)/2 _- } A// 2—1 j w/2V^f^ &//21 D {(^+M)/2-i> 1 

X IT g ( 4^)(M + iV)/2 TT g (4T) (M/2) |]™r(s+l Cn(*+1-A//2) (4 ^ )( iV/2) 7, > 

1=0 i=0 
(N+M)/2 



a M/2 

x (Det A N ) C^O™ ■ j [ e (^TO72 x 

i=M/2+l 

(N+M)/2 ^ / ,.„„„., .. 1M >/fW b {(iV+M)/2- 

x }[ e < 4 '' 

j=A//2+l 



^j^M)! {N (H i -M/ 2 )-^».i} 



6. Product manifold Mx5' 

The formula we gave in the last section says that even in the product manifold 
case the zeta-regularized determinant is not expressed in a simple way in terms of 
each zeta-regularized determinant. In the paper [7j a formula of the zeta-regularized 
determinant for a manifold of the type M x 5* 1 is given, in fact a formula is derived 
for a higher order operator of the form with the variable in S 1 being separated, by 
reducing the problem to a boundary value problem on the manifold M x [0, 1] In this 
section we give a direct proof of this formula by restricting ourselves to the case of 
Laplacians on M x S 1 by following the same line as we did in the last section. Here 
in this special case the Poisson summation formula allows us to make an integration 
of the term ()5.5|) and we arrive at a precise formula. 

d 2 

Now in this case the Laplacian Amxs 1 is given by A Mx5 i = Am r^7> where we 

dx 2 

regard S 1 = R/ (2n£ ■ Z), x G R, £ > and the spectrum are 
k^ 2 



X n + ^— J | = Ao < Ai < A2, • ■ • , are the spectrum ofM. and/, e Z- 
Theorem 6.1. 

00 

(6.1) Det Amxsi = 47r 2 £ 2 C M ■ | ( X - e" 2rfv ^ 

71=1 

where the constant Cm is given by 
(a) when dimM = even = 2m, then 

C M = e^^-Va) 
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(b) when dimM = odd = 2m + 1, then 



log C M = -ypUl (lim [lyfH • Cm(s - 1/2) + 

[s^O \ (4"7T 



(m+i)/2 i\ r'(i) 



7 + 7X^M72 a ( M + 1 )/ 2 



r )(M+l)/2 s y (47r)M/2 

Here a( M+1 )/ 2 denotes (M+ l)/2-th coefficient of the asymptotic expansion of the 
heat kernel Z-M.it) on M. 

Proof. We express the spectral zeta-function Cmxs 1 ^ 3 ) as 



OO 

Cmx 51 (s) = E E 7 2V + 2£2s • c ( 2s 



A„+(f) 2 



n=l k&L 

E 77 E e"( 1+(l)2 ^) V- 1 ^ + 2£ 2s • C(2a). 
n =i A ™ ^ fce z 



1 

W) 



Then by using the Poisson's summation formula this equals to 
1 



v I n =l n J[) kez 



-— > — / > \/ e - e x cte 



where we put 



00 1 /-OO 00 9 9 9 



r ( S ) n=1 \ S n 1 ' 2 JO k=1 

„ 7 , , , vtF£ • r(s - 1/2) ^ 1 yfitf.r(s-i/2) , . 

We denote the second term ^— ^ ^ g _^ 2 = ^— ^ Cm(s- 

1/2) by ^(s). 



7T 2 A„fc 2 " 2 



k=l 



Since the sum e " in the integrand satisfies the asymptotics 

E ir 2 \ n k 2 e 2 ( ( X N 



k=l 
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for any N G N, or the coefficients bj are all zero except b = 2tt£, the function Vo(s) 
is holomorphic on the whole complex plane and we have 

r (o) = o, 



^ poo 00 2 2 2 

n=l ^° k=l 



To calculate the value V o (0) recall a formula of a modified Bessel function Ki/ 2 {z) 
K_ 1/2 {z) (see Hj): 

,00 , ^ 1 



(6.2) / e~\ t+ ^) —dt = ^e- z = s/YzK^z) 



Now we have 



n(0) = -2^1og(l-e- 2 ^). 

n=l 

Hence from Propositions 15.21 and 15.41 the determinant Det AmxS 1 is of the form 
(6.3) Det A MxS i = 4vr 2 £ 2 C M ■ J] | ( X " e~ 2 ^) 



71=1 

where the constant Cm is given by 

(a) when dim M is even, then 

C M = e 2rf <M(-i/2) 

(b) when dim M = M is odd, then 



log C M = -JM jlim ■ Cm(s - 1/2) + 



a ( M + i )/2 \\ T'(l) 

(4tt)( M + 1 )/ 2 s) (4 7r )Af/2 d ( M + 1 )/ 2 



□ 



Example 6.2. As an application of our formula (J6.1|) we give an expression of 
Det A S 2 xS i. 

For the standard 2-dimensional sphere S 2 the spectral zeta-function is 

^ 2fe + l 

^W=^ifc.(Jfc + l)-' 

which converges for D\t(s) > 1. We rewrite this as 



= f + Eprr5:^H (- k ) 

k=2 m=0 ' 7 



—s 
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I 2m<n 

(6.4) = - + 2 ^ c?2m(-s)(C(2s - 1 + 2m) - 1) 



m=0 

oo oo 



+ 2 ^ X^HOtJL 



j^2m—n fc^s— 1+n ' 
2m>n fc=2 

where we used the expansion (1 + z) a = '^^d m (a)z m , for \z\ < 1. Note that for 
a > this series converges for — 1 < z < 1. Then for 9fo(s) > (2 — n)/2, by the 
estimate 

oooo ^ ^ oo 

52 52 I^2m(-S) k 2m-n ^s-l+n I - 52 l^ 2m ( _S ) I 2 2m-n ' 52 fc2<He(s)-l+n 
2m>n A;=2 2m>n fc=2 

and the functional relation for the Riemann (^-function the expression (J6.4)) gives 
us the analytic continuation of Cs 2 ( s ) to the complex plane of 9^c(s) > (2 — n)/2 
for each n > 0. So we can put s = —1/2 in (j6.4j) and we have an expression of 
M-l/2): 

M-i/2) 

= + 2 (C(-2) - 1} + 24(1/2) {C(0) - 1} 

oo 

+ 2 52^ m (l/2)(C(2m-2)-l) 

m=3 

oo oo 

= y/2 - 2 52 dam(V2) + 2 52 4m(l/2)(C(2m - 2)) 

m=0 m=0 

(4m)! 

= ~ 2 4m -!(4m- l)((2m)!) 2 ^ 2m ~ 2) ' 
This is also expressed as 

(6 .5) Cs3 (-i/ 2 ) = ± r r * r *l c_e±jl) «-) . 

9* Jo Jo Sx 2 \dy 2 \e*+>>-l) V v^y 9 

So, finally we have 
(6.6) 



(4m)! 



Det A s2xSl = Atc 2 £ 2 J] e -^ ^^K(^ ^ 2 ^- 2 ) . JJ ( 



m=l ra=l 



r\ 2k + 1 

1 _ e -2rf v /fe(fc+l) X 



Again by applying Propositions 15 .41 and 15 . 31 we have an alternative representation 
of the determinant Det Amxs 1 - 

Corollary 6.3. When dimM is odd, then 

(6.7) Det A MxS i 
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i=0 



x e - (4 ^ 2 ) M/2 a KM + l)/2]^ M+1 -{v^(l°g^Ce/2+l/ 2 r'(l/2))} ^ 

x Det A M - 

i/ere we used the formula £(s) = l/(s — 1) + C e s + 0((s — l) 2 ). 
When dimM even, i/ien 

(6.8) Det A MxS i 




i=0 



x 2tt£ • Det A M - 
Note that ((-2k) = /or k = 1, 2, ■ ■ • . 

Remark 6.4. Our formula (16.1 j) is of course a special case of formulas given in 
the paper [Z| for more general elliptic operators on the product manifolds MxS 1 . 
However here we gave an expression of the constant Cm, although the formula itself 
is not a computable form, especially for M being odd dimensional. To obtain a 
further information we must specify the manifolds M. So in the next section we 
give a more precise form of this factor Cm for some flat tori. 

7. Flat tori 

In the last two sections we considered the zeta-regularized determinant for mani- 
folds of a product form as a Riemannian manifold. In this section we deal with the 
case that the manifolds are two, three and four dimensional flat tori, which are not 
always of a product form of lower dimensional tori as Riemannian manifolds. 

We know by a similar calculation as we showed in §2 and §4 that the zeta- 
regularized determinant of (2n + l)-dimensional Heisenberg manifolds are always 
of the product form with a factor which is the zeta-regularized determinant of a 
2n-dimensional torus. So of course it is required to determine the zeta-regularized 
determinant of flat tori to complete the calculation for Heisenberg manifolds. In 
this section we give an expression of it for two, three and four dimensional flat tori. 
Although our expressions are not of a computable form within a finite step, the 
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expression for two dimensional cases are given by the famous limit formula of Kro- 
neker as we cited in §2, and higher cases correspond to a generalization of this limit 
formula. The structure of a generalization was already stated and discussed focusing 
in their functional relations in the papers j2] and [3] for more general Dirichlet series 
than Epstein zeta-functions which are of our cases. Here we treat with the typical 
Epstein zeta-functions of two, three and four variables. Since it is enough for our 
purpose to give an explicit analytic continuation of the functions from a left half 
region in the complex plane to a region including zero, we give them based on the 
Jacobi identity and the Mellin transformation in a quite elementary way. For this 
purpose we fix the flat tori in the following way. 

Let ei, e 2 , e3, e 4 be the standard orthonormal basis on IR 4 and we fix a basis 
{ui, U2, U3, 114} of the following form 



(b) T 3 = R 3 /L 3 , L 3 = {mil + mu 2 + lu 3 \n,m,leZ}= [{u u u 2 , u 3 }], 

(c) T 4 = R 4 /L 4 , L 4 = {mi! + mu 2 + lu 3 + /cu 4 \n,m,l,k G Z} = [{u 1; u 2 , u 3 , u 4 }], 

of two, three and four dimensions. All flat tori of such dimensions reduce to these 



ui = ei, u 2 = ai j2 ei + a 2i2 e 2 , we put this = Ae% + Be 2 , 
u 3 = 01,3^1 + a 2t3 e 2 + a 3i3 e 3 

u 4 = a ii4 ei + a 2i4 e 2 + a 3i4 e 3 + a 4i4 e 4 (a 2)2 , a 3j3 , a 4j4 > 0). 




R 2 /L, where 

L = L 2 = {mix + mu 2 = (n + ma 12 , ma 2i2 ) n,m6Z} 
= [{ui, u 2 }] is a lattice in M 2 , 



cases. 



I. Kroneker's second limit formula and two dimensional tori 

Since the dual lattice L* of L is given by 




non-zero eigenvalues of the Laplacian on T 2 are 




The spectral zeta-function ( T 2(s), is 




(7.1) 
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By using the Poisson's summation formula we rewrite the first term as follows: 

oo 

- EE 



v ' V ' n=l m£Z JU 



(47r 2 )s . F(s) ^ n 2s y o 



E^ r E V ^e-^e-^-e-x-- 1 ^ 



nit 



U-k 2 ) s ■ Vis) ^ n 2s J Q 



El /"°° \~ ^ lT[B 2 n 2 (irBnm) 2 „ pr, , 



so Ct|( s ) is °f the following form: 
Proposition 7.1. ffTT]. 0) 

where we put 



Z X! V / X V [ JD I i (TTHnm)" y — 5-. - 

= rl^Tr^ E^7 / E V — ' " « ^ 



2 1 Z" 00 ^ I nB 2 n 2 



x 



Uit 2 ) s ■ T(s) ^ 



E" Ys / E e-^^e-x^dx 



We know the integrand of TCo(s) satisfies the asymptotics: 
Lemma 7.2. For any N E N 



nB 2 n 2 cm' „ . ^-WeM-a/a 



x v n 2N 1 



Hence the first term TIq(s) is a holomorphic function of s on the whole complex 
plane, and 

n (s) 



00 



n=l ^° meZ.m^O 
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Then again by making use of (|6.2|) 

00 roc 2 

H' (0) = 2^B J2 ne- 2 ^ lAnm / £ e~^^ e^x-^dx 

1 JO „rv Ln 



n=l " u meZ.m^O 



9 x „— 2tt\/— TAnro poo 2 

Ay y - / e-^^e-*x-^dx 

V n=lmeZ,m^0 ^ U 



00 00 



2EE 1 

^— ' ^— ' m 

n=l m=l 



^-2irnm{B-^f^\A) . ^-2-Knm^B+y^TA^ 



(7.3) = "2 S { lo S ( X - e 2 ™( B -^)) + log (l - e M B +^) \ j 

n=l 

From the facts 

C(-i) = 



1 

12 



as) = -\- S -\og2K + 0{s*) 



and ()6.2|) we have 
( T? (s) = -1 



1 L 

+ j ^ - 2 log B - 2 £ log (l - e -^-V^lA) ) + hg ^ _ & - 



2irn{B+J=lA 



n=l 

2\ 



Then the zeta-regularized determinant Det A T 2 is given by the formula: 
Theorem 7.3. 

00 

(7.4) Det A T 2 = B 2 e~^ J] | (l - e -^n[B-^iA)^ 



n=l 



Corollary 7.4. From the expression l \7.4\) we can see easily that Det A T 2 is periodic 
with respect to the parameter A, and when A = we have both of 

lim Det A T 2 = 0, 

B~^0 L 

lim Det A T 2 = 0. 

B^oo L 

Now we explain the relation of ()7.4|) with the Kroneker's second limit formula(see 
[7j where another explanation is given.). By using the integral representation of the 
modified Bessel function K a (z) (PQ): 

1 f z\ a f°° z 2 n 
K a (z) = 2 (2) / e'^t-^dt, \ a rgz\ < -, 
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the function Ho(s) is expressed as 

g^JS . ; 2 x x ^ s — 1/2 

(7.5) H (s) = u J2 J2 cos (W=l-Anm) (^) ' K 1/2 „ a {2<KBnm). 

^ ' ^ ' n=l m=l 

Then from this we have a functional relation of the function 7i. (s): 
Proposition 7.5. 

(An) 23 ' 1 ■ T(s) 

especially 

(7.7) H (l) = £:«o(°)- 

This relation ()7.5|) together with the functional relation of Riemann (^-function 
gives us a very simple functional relation of the spectral zeta-function £ T 2 (s) for two 
dimensional flat torus T|. 



Corollary 7.6. 



From the formula ()7.1)1 we can easily see that the function Cr|( s ) nas ( onr y)a P°l e 
of order one at s = 1, which comes from that of the second term in (|7.1|) and the 
Kroneker's second limit formula gives the constant term at this pole, that is, by the 
above relation ()7.7|) of the first term 7io{s) we have 

Proposition 7.7. (Kroneker's second limit formula) 

1 



te^OO- 2s _ 2 

, . , 2Jn~B ■ T(s - 1/2) f. 1 1 25 2 , . 
= H (l) + lim V ^ / J ((2s - 1) - + — r • C(2 



»-i (47r) s -r(s) [ v y 2s-2j An 
= |«i(0) + fc + g.«2). 
This gives 
Corollary 7.8. 

An ( 1 1 { n 2 

logDet A T 2 - —lirnjCrl(s) - ^T^j = 21 °g 5 " 27rC e " 5 j - + - 

II. Three dimensional flat torus. 
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(1 ai,2 Oi ;3 \ 
a 2)2 a 2) 3 and (5 = = (<7ij), then the dual lattice of L 3 
a 3 J 

generated by the basis {u^, Uj, Ug}, where u* = Yli9i,j e *i an< ^ we know 
,Spec(A T 3) 

= {4tt 2 ((^3,3 + "1^3,2 + ng^i) 2 + (m^ + ^2,i) 2 + (fW) 2 ) I Jl . m .'^} 
Then the spectral zeta-function Ct£( s ) i s 

_J_ v . _ 

( 47r2 ) S n,m,zez ((^3,3 + mg 3t2 + ng 3A ) 2 + (mg 2t2 + n# 2 ,i) 2 + (ng hl ) 2 ) 

n 2 +m 2 +l 2 ^0 

Put (mg 2t 2 + n 92,i) 2 + (^i,].) 2 = ^ ( n 5 m ) an d as before we express Ct|( s ) as 
Ct|(s) 

I ('93,3+ m 93,2+ n 93,l) 

11^ 1 ^ r 00 ~ 1+ i ^ — 



(47r ) r (s) n ^ g 

Il 2 +JIi 2 ?iO 

(2^3,3) 



, I(n,m) ^ J 



Then this equals to the expression: 

1 1 1 r°v^ -(l+m^.+n^Y^Crx 



^ sT ^ ^ ■ , 

n 2 +m 2 ^0 



2 

(27TC/3,3) Z 



+ ~ ■ C(2a) 



1 1 ^ 1 r°° irl(n,m) 



n,m,t 

n 2 +m 2 ^0 



2 

#3,3 X 



„ / — 7,/ 93,2 . 93,1 



(2^ 3 ,3) 2S ' l ^ 



1 

X 



.5, Jfn,mr 1/2 5' 



x > -Ve" V 9 3, 3 "93,3; / e 93^ e - x x s - 3/2 dx 



n,m,eZ ± Vi "") l&Z 

n 2 +m 2 ^0 i^O 
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+ ,3,3(4^)* r (S) j^Z J (n> m) -l/2 + (2^,3)" ' C(2S) - 

n 2 +m 2 ^0 

We put this as .Ao(s) + Ai(s) + ^(s), and calculate each -4.^(0). 
(a) 

A(o) = o 



(b) 



„ Jl(n,m) , — T ( 93 2 . 93,1 

— 2-7T- — — — -+27TV — 1 m^—+n — — 

g 93,3 \ 93,3 93,3 



n,m€Z 



- £ k i- 



„ Jl(n,m) , — T ( 93,2 . 93,1 

— 27T- — 5 i — 27rv — 1 ti — — +n — 

g 93,3 \ 93,3 93,3 



n,meZ 

n 2 +m 2 ^0 



oo oo 



= -2££log 1- 

n=l m=l \ 

oo oo / 

- 2 £$>g(l- 

n=l m=\ 

oo 

-2^ log 



g 93,3 V 93,3 93,3 



/ o V 7 (n,-m) , , — T ( 93,2 . 93,1 

— 2it- — -±2ttV — 1 — m — — +n — — 

g 93,3 \ 93,3 93,3 



-, I 93,3 93,3 

1 — e 



n=l 

OO 



2j>g 1 



93,3 93,3 



m=l 



a ( ) r( 8 -i/2) v i 

11 ' 9sA^ 2 ) s m n j^ & i(n, m y- 1/2 



n 2 +m 2 ^0 

i r(s + i/2) s 



CM* -1/2), 



" 2 v ^r /l l 2 - 1 r /3i 3 r(s + l) s-1/2 

where Ct 2 ( s ) is the spectral zeta-function of two dimensional torus T| cor- 
esponding to the lattice L = La,b, A = — B = Then 

#2,2 #2,2 

^i(O) = 

#3,3 



^(0) = -^-Ct ? (-1/2). 
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Next we express the value ^2 (—1/2) in terms of a modified Bessel function 
K n (z) for a = 1: 



KJz) 



1 /z\ a 



2 V2 



e « t a dt, |argz| < 



7T 



So we return to the expression 1)7.1)) : 
> , n ^ • T(s - 1/2) w s 2B 2s w , 



(4tt 2 ) s • T(s) 



(4vr 



Then 



Wo(-l/2) 

00 

= E 



n 



n=l 

00 00 







( 7r B n m ) z 



e -^^Anm e - Xx -2 dx 



= -8y^y^(— )K 1 (27rBnm) cos(2tt Anm) 

n=l m=l 

2^5 • r(s - 1/2) 

(4tt 2 ) s -r(s) 

2fi 2s < 

C(2s)| s= _ 1/2 



■C(2s-l)| s =-i/2 



25 



7T 



C(3), 



(4vr 2 ) 
Hence 



7T 

SB' 



91,1 
93,3 



00 00 



8 V V —K^irBnm) cos (27rAnm) + — ■ C(3) + 

n=l m=l 
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A(0) = -1 
*4' 2 (0) =21og^ 3l 3- 

Finally, for the lattice L 3 = [{uj}f =1 ] we have an expression of the zeta-regularized 
determinant 

Theorem 7.9. 

Det A T s 



L 

OO OO 

nn 

n=l m=l 

00 00 

nn 

n=l m=l 



1 -e 



1-e 



-2tt 



y/J(n,m) , j m 93,2 + "93, 

93,3 93,3 



X 



2 J V J ("-~ m '. 



93.3 



93.3 
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n 



n=l 



-2nn 



1-e 



\/g2,l+gl,l 

93,3 



93,3 



n 



m=l 



— 2nm< 

1-e ' 93 - 3 



- 93,2 

' 93,3 



X 



_£lij£ g (^W Sw^nm] cos ( ar^nm 

xe 93 ' 3 U=im=i Vm; V 92 - 2 J V S2 ' 2 



2 31,1 7r 92,2 

. g * 93,392,2 . g 3 S3 ' 3 X 



X 



#3,3 



Remark 7.10. As a special case of T 3 , let assume a 13 = a 2j 3 = 0. Then the formula 
of Det for this case coincides with the formula (JbM)) for T 2 x S 1 . 



III. Four dimensional flat torus 

Here we only state a formula for a four dimensional torus and a special case of 
them. 



Let 21 



and Uj = explained in the beginning of 



/I «1,2 Ol,3 O i)4 \ 
0-2,2 0-2,3 0-2,4 

a 3j3 a 3i4 
\0 04,4/ 
this section and (25 = = (ftj). 

Let L = L(2l) be the lattice generated by {ui, u 2 , u 3 , u 4 }, then the dual lattice of 
is generated by the basis {u^, u^, U3, U4}, where u* = Yl,i9i,j e *i- 

Put 



(^3,3 + rng 3>2 + ng 3A ) 2 + (mg 2j2 + ng 2A ) 2 + (ng hl ) 2 = I(n, m, I), 



and 



nc? 4 ,i + mg^2 + Ig^s 

94,4, 



a(n, m, I) 



then the spectral zeta-function ( T 4 (s) for this case is written as 



L(») 



Cr* (*) 



— T - 



1 



2\ s 



^Y n^4& ( J ( n > m ' + ( n #4,l + ^5-4,2 + lQ4,3 + kg^Y) 

n 2 +m 2 +l 2 ^0 



1 1 

(47T 2 ) s r(s) 



S I(n,m,l) s J 

m,ZeZ v ' ' / fc6Z 



n,m,la 

n 2 +m 2 + l 2 jt0 



+ 



(2^4,4) 

7 1 



C(2a) 



^ i4 (4vr 2 ) s r( S 



X 
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^ Iin.m.l) 8 - 1 / 2 J a 

n 2 +m 2 +l 2 ^0 

+ _0F r(a - 1/2) 

#4,4 

+ m 2 +! 2 #0 



A F( S -l/2) ^ 1 | ^ c(2s) 



We put this as £> (s) + £>i(s) + £> 2 (s) corresponding to each term. 
Note that 

and at s = —1/2, Ct 3 (s) is holomorphic. 
Theorem 7.11. 

Det A T 4 = TT e 

1 L(W) 11 

where each is given as follows: 

B o (0) = 0, 
#o(0) 



2 

B{(0) 

£(») 

i=0 



-2tt 

e 



yj I(n,m,l) 
94,4 



-la(n,m,i)| 



n,m,ZeZ 

n 2 +m 2 + l 2 ^0 



J] log 1-e I ^ ,; J j, 

n 2 +m 2 + i 2 ^0 

fii(0) = o, 

fii(0) = -— • Cts(-1/2) = -— {A (-1/2) + Ai (-1/2) + A 2 (-1/2)} 

#4,4 #4,4 



J_l y, V 4 V 77 ^ cos f 27 r/ ^ 3 - 2 + ). Kl ( ^VTWnj) 



n,m,eZ 1=1 

n 2 +m 2 ^0 



200002/ \ / \ 

+8\/ / 7r^ 2 i — cos ( 27rV— 1— ] i^i ( 2ir^^-nm ) 

93,3 ^i^m V #2,2 / V #2,2 / 



3 #1,1 A/^ , 2 ^2,2 w Q x . TT , 

+T1 C 4 + C (3) + -#3,3 } , 

47T 3 #3,3 7T#3,3 3 



ft(0) = -1, 

#,(0) =2 log (?4,4. 
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The formula in Theorem 15.71 and similar one give us several formulas of the 
zeta-regularized determinant for flat tori defined by matrices of the form 21 = 
/l «i,2 Oi,3 \ /l ai, 2 \ 



a 2 , 2 a 2j3 
a 3 , 3 
\0 a 4j4 / 



or 21 



a 2 , 2 
a 3>3 a 3i4 
\0 a 4j4 / 

As an application of the formula (J5.7j) we state a formula for a torus defined by 
the latter one, that is, the torus is a direct product of two 2-dimensional tori as 
Riemannian manifold. 

/I Ol,2 \ 
a 2 , 2 
a 3j3 a 3j4 
\0 a 4j4 / 

ei, u 2 = ai )2 ei + a 2 ,2e2, u 3 = a3 i3 e 3 , u 4 = a 3j4 e 3 + a 4j4 e 4 }. Then the torus M 4 /L(2t) 
is a direct product of two tori M x N, where M = IR 2 /Lm, -^m = [{iii, U2}] and 
N = M 2 /Ln, = [{u 3 ,u 3 }]. Since each heat kernel asymptotics for flat tori 
vanishes except the first one = b = volume of the torus, we can rewrite the formula 
(I5.7J1 for this case as 



Let 21 



and the lattice in M 4 generated by {ui 



Corollary 7.12. 

Det A T 4 = Det A M - TT e' 



■J"o-(^(l^) 



4*t /- '* * -S{]imr( a -l).f M (,_ 1 )} 



-27rn{ B— J^IA 



n « 



Det A M = B 2 e~^ I (l - 

n=l 



AeL* ,A^0 7eL N ,7^0 



and 



limr(s-l).CM(s-l) 



2 1 f°° K ' \ 7lB 2 n 2 (irBnm) 2 , r . , 



.?v^.r(.-i/2).c(2.-i: 



(47T ! 



(4tt 



2^s 



327T 



/ ^ \ 3/2 

^ — J cos(27r Anm) ff 3 / 2 (27r Bnm) 



n=l m=l 



l • C(4) + i ■ C(3) 
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1 



n ,mez ((Bn) +{m-nA) )' 



here B = —, A = — — , b = volume o/N = 033044. 



Note that the second term is obtained by making use of the Jacobi identity: 

bo_ 
Aid 



Finally, we note that in the most special case, that is, let the matrix 21 be the 
identity matrix, then we have a formula for the spectral zeta-function Ct 4 ( s ) 

(7.8) (^ 2 )- s C T4 (s) = 8(1 - 2 2 - 2S )C(s)C(s - 1) 

(and in each dimension we have similar formulas). So by this formula we have simply 

Corollary 7.13. Let the torus T 4 be defined by the lattice {e\, e3, 64}, then the 
zeta-regularized determinant Det A7-4 is given explicitly in the form 

\ogDet A T 4 = 2 4 (lo g 2vr + 2(log2) 2 ) C(0)C(-1) - 2 3 (C'(O)C(-l) + C(0)C'(-1)) 



It is possible to simplify this formula by using several formulas of Riemann zeta- 
function ((s) and to compare with our formula. 

Remark 7.14. Similar to the case of Ct 2 ( s )> the function Ct 3 ( s ) (respectively Ct 4 ( s )) 
has only a pole at s = 3/2 (resp. s = 2) of order one coming from the second term 
Ai(s) (respectively £>i(s)) and the term Ao(s) (resp. Bq(s)) will correspond to the 
term H-o(s) in the two dimensional cases and there are similar functional relations 
like ()7.5|) also in these cases which are derived from the Jacobi identity. 
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